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Abstract. We define integrable, big-isotropic structures on a manifold M 
as subbundles E C TM © T*M that are isotropic with respect to the natural, 
neutral metric (pairing) g of TM © T*M and are closed by Courant brackets 
(this also implies that [E,E^<'] C E^"). We give the interpretation of such a 
structure by objects of M, we discuss the local geometry of the structure and 
we give a reduction theorem. 

1 Introduction 

All the manifolds and mappings of this paper are assumed of the C°° class 
and the following general notation is used: M is an m-dimensional manifold, 
X^{M) is the space of A;- vector fields, VL^{M) is the space of differential k- 
forms, r indicates the space of global cross sections of a vector bundle, X, F, .. 
are either contravariant vectors or vector fields, ... are either covariant 
vectors or 1-forms, d is the exterior differential and L is the Lie derivative. 
The Einstein summation convention will be used whenever possible. If re- 
quired by the context, a linear space V shall be identified with anyone of the 
spaces V ®Q,Q®V. 

The vector bundle T^^^M = TM © T*M is called the big tangent bundle. 
It has the natural, non degenerate metric of zero signature (neutral metric) 

(1.1) giiX,a),iY,P)) = i(a(F) +/?(X)), 



2000 Mathematics Subject Classification: 53C99, 53D17. 
Key words and phrases: big-isotropic structures, Courant bracket, integrability, reduc- 
tion. 



1 



the non degenerate, skew-symmetric 2-form 

(1.2) ^((X,a),(F,/3)) = ^(a(F)-/5(X)) 
and the Courant bracket of cross sections [1] 

(1.3) [(X, a), (F, P)] = {[X, Y], LxP - Lya + ^rf(a(F) - P{X))). 

A maximal, gf-isotropic subbundle D C T^^M is called an almost Dirac 
structure and, if T{D) is closed by the Courant bracket, D is an integrable 
or a Dirac structure. Then, the triple {D^pttmi [, ]) is a Lie algebroid. 

The almost Dirac structure D produces the generalized distribution V = 
PTtmD endowed with a leaf-wise differentiable 2-form w induced by uj\d- 
Conversely, D may be recovered from the pair (P, vj) by means of the formula 

(1.4) D = {{X,a)/XeV,a\v = i{X)w}. 

Furthermore, by a technical computation that uses (11. 4p . it follows that D is 
a Dirac structure iff T> is integrable and the form w is closed on the leaves of 
v. Thus, a Dirac structure on M is equivalent with a generalized foliation 
by presymplectic leaves where the leaf-wise presymplectic form is such that 
the subbundle (11. 4p is differentiable 

While the Dirac structures were introduced as a framework for con- 
strained dynamics, it is rather the geometry of these structures and their 
integrability to a conveniently equipped Lie groupoid that were the object of 
numerous studies. 

The aim of the present paper is to understand the geometry of a g- 
isotropic subbundle E C T^^^M, where the maximality requirement is dropped; 
we call them big-isotropic structures. Then, the subbundle E must be dis- 
cussed in conjunction with its ^f-orthogonal bundle E' D E and the cor- 
responding objects on M will be a pair of generalized distributions S = 
PTtmE ^ £' = pvtmE' and bilinear mappings zu^ : y< S'^ ^ H (Vx G M) 
with a skew symmetric restriction to x S^. Like in the Dirac big- 
isotropic structure E will be integrable if TE is closed by Courant brackets. 
From the properties of the Courant bracket, one can see that if E is integrable 
TE' is a module over the Lie algebra TE. 

This definition and the relationship with the triple {S,S',m) are made 
precise in Section 2, where we also give several examples. In particular, S 
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is a generalized foliation and its leaves, called the characteristic leaves of E, 
inherit a presymplectic form. 

In Section 3 we extend the construction of a local, canonical basis of a 
Dirac structure given in [6] to (integrable) big-isotropic structures. 



In Section 4 we discuss the puUback of a big-isotropic structure by a 
mapping and use this operation and the canonical bases of Section 3 in order 
to study the structure induced on a characteristic leaf and that induced 
on a local transversal submanifold of the leaf. We define a property called 
(strong) local decomposability and extend the Dufour-Wade proof of the 
essential uniqueness of the transversal structure of a characteristic leaf of a 
Dirac structure to strongly, locally decomposable, big-isotropic structures. 

Finally, in Section 5 we discuss the push-forward of a big-isotropic struc- 
ture and conditions that ensure the projectability of a big-isotropic structure 
to the space of leaves of a foliation. The results are used in order to prove 
a reduction theorem of an integrable, big-isotropic structure of a manifold 
M to a structure of a quotient space N/J-' of a submanifold C M by a 
foliation JF. 

2 Definitions, examples, first properties 

We generalize the notion of a Dirac structure by giving the following defini- 
tion. 

Definition 2.1. A gf-isotropic subbundle E C T**^M of rank A; (0 < A; < m) 
will be called a big-isotropic structure on M. A big-isotropic structure E is 
integrable if TE is closed by the Courant bracket operation. 

Let E' be the gf-orthogonal subbundle E-^^ of E. The following proposi- 
tion gives an important property of an integrable, big-isotropic structure. 

Proposition 2.1. IfE is an integrable, big-isotropic structure then, V(X, a) G 



Proof. Consider also {Z, 7) G TE. The Courant bracket has the following 
property (axiom (v) of the definition of a Courant algebroid [7]) 



X{g{{Y, (3), {Z, 7))) = g{[{X, a), {Y, (3)], {Z, 7)) + g{{Y, P), [(X, a), {Z, 7)]) 



T{E), W{Y,(3) e T{E'), one has 



(2.1) 



[iX,a),{Y,P)]ET{E'). 
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+\{Z{g{{X, a), {Y, /?))) + Yig{{X, a), {Z, 7)))). 

In our case, since E J^g E,E ±g E' and E is closed by Courant brackets, the 
previous formula reduces to 

(7([(X,a),(r,/3)],(Z,7)), 

hence, (jSH]) holds. □ 

Remark 2.1. The closure of E with respect to the Courant bracket is a more 
complex notion than the closure of a distribution A C TM with respect to 
the Lie bracket. For instance, in the latter case, any vector field X G A is 
an infinitesimal automorphism of A while, in the former case, if {X, a) e 
TE then X is an infinitesimal automorphism of E (i.e., {LxY,Lxl3) G TE, 
V(F,/3) G TE) iff da{Y, Z) = for all Y G pttmE, Z G prrAjE'. This is an 
easy consequence of the expression of the Courant bracket and of the isotropy 
oiE. 

Example 2.1. For k = m, the integrable, big-isotropic structures are the 
Dirac structures. 

Example 2.2. Let M be a locally product manifold with the structural 
foliations J-'i,J^2, i-e., each point x G M has a neighborhood ?7 ~ Vi x V2 
where is a neighborhood of x in the leaf of J^a through x {a = 1,2). 
Equivalently, M has an atlas of local coordinates of the form {x^, y") such 
that J-'i has the local equations dy"^ = and JF2 has the local equations 
dx^ = 0. Then T^^^M is the direct sum of the (7-orthogonal subbundles 
TJ-'a © T*J-'a and, if is a maximal isotropic subbundle of TJ-'i © T*J-'i , 
E is a big-isotropic structure on M with the orthogonal subbundle E' = 
E © {TJ^2 © T*J^2)- Furthermore, assume TE has local bases {Zi,(i) such 
that 

(2.2) Zi = Zj^ix)^, Ci = Cih{x)dx' 

and that E is Dirac along the leaves of J-'i. Then, using Definition 12.11 and 
the Courant algebroid properties of the Courant bracket [H |7], it is easy to 
check that the big-isotropic structure E is integrable. For instance, if P G 
x'^{M),6 G fi^(M) have local expressions that depend only on (x^) (which 
is an invariant property) and if [P,P] = 0,d9 = 0, then graph{^p\T*:Fj, 
graph{\>e\Tri) integrable, big-isotropic structures of M of the kind de- 
scribed above. 
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Example 2.3. For any pair of vector subbundles F O F' O TM , E = 
F © ann F' is a big-isotropic structure on M with the ^f-orthogonal bundle 
E' = F' (B ann F. Furthermore, E is integrable iff F is tangent to a foliation 
and TF' is invariant by Lie brackets with cross sections of F; this means 
that F' is a projectable distribution with respect to the foliation F, i.e., F' 
is projection-related with distributions of the local spaces of leaves [12]. 

Example 2.4. Let 5 be a rank k subbundle of TM and 6 G Q'^{M) a 
differential 2-form. Then, 

(2.3) Eg = graph{\)e\s) = {{X,\)eX = i{X)9) / X G 5} C T^^^m 
is a big-isotropic structure on M with the gf-orthogonal bundle 

(2.4) E's = {{Y, b^r + 7) / r G TM, 7 G ann S}. 

For the integrability conditions, we compute the Courant bracket of two cross 
sections of Eq. With the notation of (12. 3p and with X,Y E S, we get 

(2.5) [(X, \>eX), {¥, \>eY)] = ([X, Y], {LxiiY) - LYi{X))e 

+d{e{X,Y))) = {[X,Y],i{[X,Y])9 + i{X AY)de). 
The final result of (12.51) is in Eg iff 5* is involutive and 

(2.6) de{x,Y,z) = 0, yx,Y eTS,yz ex\M). 

Therefore, Eg is integrable iff S' is a foliation and 9 satisfies (12. 6p (in partic- 
ular, if 9 is closed). 

Example 2.5. Let S* be a subbubdle of rank k of T*M and P G x^(M) a 
differentiable bivector field on M. Then 

(2.7) Ep = graph{^p\s*) = {(M = tia)P,a)/a G S*} 
is a big-isotropic structure on M with the (yf-orthogonal bundle 

(2.8) E'p = {(tlp/3 + Y,(3)/(3e T*M, Y G ann S*}. 

For the integrability conditions we recall that P defines the bracket of 1- 
forms: 

(2.9) {a, P}p = L^^^P - L^^fsa - d{P{a, P)), 
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which is related to the Schouten-Nijehuis bracket [P, P] by the Gelfand- 
Dorfman formula [5] 

(2.10) P({a, /?}p, 7) = 7([tlp«, M) + \ \P. P] («, 7)- 
With (ESD and (EJOl) we get the Courant bracket 

(2.11) [(tlpa, a), (tlpr, r)] = (ttp{a, r}p - ^z(a A /3)[P, P], {a, /?}p), 

where a, r G 5**. The result of (12.111 is in TEp iff S* is closed by the bracket 
(12:91) and 

(2.12) [P,P]((Ti,a2,/3) = 0, Vai,cr2 e ^*,V/3gT*M. 

Therefore, i?p is integrable iff S* is closed by the P-brackets (12. 9p and P 
satisfies condition (I2.12p (in particular, P is a Poisson bivector field). 

Example 2.6. The construction indicated in |13] for the lift of a Dirac 
structure of a manifold M to its tangent manifold TM may also be used for 
a big-isotropic structure E' . More exactly, if we look at the locally free 
sheaves E_,E^ of germs of cross sections of E, E', the formulas 



where C, V denote the complete and vertical lift, respectively, define locally 
free sheaves of germs of cross sections of orthogonal subbundles tg{E), tg{Ey C 
T^^^iTM). The formulas for scalar products and Courant brackets of lifts es- 
tablished in p[3] show that tg{E) is a big-isotropic structure on TM with the 
orthogonal bundle tg{E)' and that, if E is integrable, tg{E) is integrable too. 

Now, we shall look for objects of TM that are equivalent with a big- 
isotropic structure E. 

For the algebraic aspects, we refer to a fixed point x E M and we associate 
with E the vector spaces 



Then, we define a bilinear mapping ro^. : x S'^ by means of the 

formula 



(2.13) 



tg{E) = span{{X^, a^), (X^, a^) / (X, a) G E}, 



tg{E)' = span{{X^, a^), (X^, a^) / (X, a) G E^} 



(2.14) 



(2.15) 



^((X,a),(F,/5)) = a(F) 
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where (X, a) G Ex,(Y,P) G E'^. The last equahties hold and the result 
is independent on the choice of a,P because {X,a) -Lg (Y,P). Of course, 
^Is^xSx is skew-symmetric. Notice that zux may be identified with a mapping 
bro^ : ^x*^y which sends X to i{X)zu (with an obvious notation) and 

it is easy to see that ker])^^^ = TxM fl Ex. This implies that, if is non 
degenerate (i.e., ker b^^ = 0) Ex is the graph of a mapping ptt^mEx TxM. 
Similarly, if Ex has the property T*M r\ Ex = Q then Ex is the graph of a 
mapping £x T*M. If we are in one (and the same) of the two cases above 
Vx G M, we will say that E is of the graph type. 

Example 2.7. In Example 12.21 we have S = pttmE^E' = £ ® TT2 and vj 
is the extension of the 2-form of the almost Dirac structure E along T\ by 
the value for second arguments in TT2. In Example 12. 3[ £ = F,£' = F' 
and w{XX) = 0. In Example [231 £ = S,£' = TM,w = e\sxTM and in 
Example 12.51 



where a G S**, F G annS*. In the particular case of Example 12.51 where P 
is the Lie-Poisson bivector field of the Lie coalgebra Q* of the connected Lie 
group G (e.g., see [11]) and S* = Q' is the Lie subalgebra of the connected 
subgroup G' G, £ are the tangent spaces of the orbits of the coadjoint 
action of G' on Q*. 

Proposition 2.2. For any pair of planes £x ^ C TxM and any bilinear 
mapping Wx : £x^ £'x ^ ^ with a skew-symmetric restriction to £x x £x there 
exists a hig-isotropic plane Ex C T^I^^M such that f l2.14p . fl2.15p are the given 
planes and mapping. 

Proof. For the given planes and mapping, put 



Obviously, covectors a, (3 as required by fl2.16p exist, hence, the projection 
on the first term of a pair defines epimorphisms Ex —>■ £x, E'^ — > £'^ with the 
kernels Ex fl T*M = ann£'^, E'^ fl T*M = ann£x, respectively. Accordingly, 
one has the exact sequences 



(2.17) ^ ann £'^ Ex ^ 0, ^ ann £x^ E'^^ £'^^ 0, 



£ = im{'^\p\s*),£' = £ + annS*, tu{^^pa, jjp/? + Y) 



P{a,P) 



(2.16) 



Ex = {iX,a)/X G £xtWY G £'x, a{Y) 
E'^ = {iY,P)/Ye£'xk\/Xe £x, P{X) 



r^AX,Y)}, 
-zUx{X,Y)}. 
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and we get 



(2. 18) dim = dim + dim ann S'^, dim E'^ = dim E'^ + dim ann E^-, 

which imphes dim E^+dim E'^ = 2m. Thus, E'^, Ex^ have the same dimension 
and, since by fl2.16p E'^ E^, we get E'^ = Ex^ . Furthermore, the skew- 
symmetry of w on £x imphes Ex C E'^, hence. Ex is isotropic. The fact 
that the given planes and mapping are associated with Ex,E'^ of fl2.16p via 
drU, (l^Jra is obvious. □ 

Now, starting with the big-isotropic structure E, let x vary on M . Since 
E, E' are differentiable vector bundles, the generalized, distributions £' 
defined by the spaces (I2.14p are differentiable. If £^ is a regular distribution 
(i.e., dimSx = const., therefore, by fl2.18p . dim£'^ = const, as well), the 
structure E will be called regular. If E is integrable then {E,prTM, [, ]) is a 
Lie algebroid and, accordingly, £^ is a generalized foliation. Proposition 12.11 
implies that if X e T{£), Y e T{£') then [X, Y] G T{£'). 

It is worth formalizing the status of E' as follows since this may be useful 
in a discussion of the integrability of -E to a Lie groupoid. Let B ^ M 
be a vector bundle endowed with an anchor (morphism) p : B TM. 
Assume that there exists a vector subbundle A O B endowed with a Lie 
algebroid structure (A,p|^, [, ]a) and there exists an R-bilinear operation 
[, ] : TA X TB TB that reduces to [,]a for arguments in TA. Then, 
{B,p, [, ]) will be called a modular enlargement of the Lie algebroid A if, 
V/, h G C°°(M), a e TA, b G TB, the following conditions are satisfied: 

1) p[a,b] = [pa,pb], 

2) [fa, hb] = fh[a, b] + f{{pa)h)b - h{{pb)f)a, 

3) [ai, [as, b]] = [[ai, as], 6] + [aa, [ai, , b]] 

(the right hand side of 1) is a Lie bracket of vector fields). 

With this terminology, if E is an integrable, big-isotropic structure then 
E' with p = prxM and the Courant bracket is a modular enlargement of the 
Lie algebroid E. 

We also give the following definition: 
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Definition 2.2. The generalized foliation 8 is the characteristic foliation of 
the integrable, big-isotropic structure E and its leaves are the characteristic 
leaves. The generalized distribution £' is the characteristic module of E. 

Example 2.8. We can extend the construction of Dirac structures from 
Lie algebroids pQ as follows. Let A ^ M he a. Lie algebroid of anchor 
Pa '■ A ^ TM and bracket [ , ]a and (5, p, [ , ]) a modular enlargement of A. 
Assume that one also has a co- anchor a : B — >■ T*M such that the following 
properties are satisfied for all a G FA, h G TB: 

i) < aa, pb >= — < ah, pa >, 

ii) a[a, h] = Lpai^crh) — Lpb{cra) + d < aa, pb >. 

Furthermore, assume that, Vx G M, the morphism (p, a) : B ^ T^^^M 
satisfies the condition 

rank{p, a) | + rank{p, cr) = 2m. 

Then, it is easy to check that 

E„ = {{pa, era) /Va G A} 
is an integrable, big-isotropic, structure on M with the orthogonal bundle 

E'^ = {{pb,crb)/WbeB}. 

The characteristic foliation of Ecr is p{A) and the characteristic module is 
p{B). In fact, any integrable, big-isotropic, structure E is of this kind, where 
A = E, B = E', the brackets are Courant brackets, the anchor is the projec- 
tion on TM and the co-anchor is the projection on T*M. 

Concerning the mapping w, we notice that it has the following differen- 
tiability property: for any characteristic leaf S of E and for any differentiable 
vector fields X, F G x\M), such that X\s G TS\s,Y\s G TS'\s, w{X,Y) 
is a differentiable function on 5*. Indeed, since S\s, hence S'\s too, has a 
constant dimension, (12.171) produces exact sequences of differentiable, vector 
bundles over S. Using differentiable splittings of these sequences, we see 
that there are 1-forms a, /3 G T^M, which are differentiable along 5", such 
that G TE\s, (Y, (3) G TE'\s. Accordingly, fl^JCT) shows that zu{X,Y) 
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is a differentiable function on S. This property will be called leaf-wise dif- 
ferentiability. If the structure E is regular, the exact sequences (12.171) have 
differentiable splittings over M, and the functions w{X, Y) are differentiable 
on the whole manifold M. 
A multilinear mapping 

(2.19) X^: A''^£^®£'^^R, 

which is defined Vx G M, has a totally skew-symmetric restriction to A^Sx 
and is leaf-wise differentiable with respect to the characteristic foliation of E, 
will be called a truncated s-form on (M, E). We will denote by fif^(M, E) the 
space of truncated s-forms. Because of the integrability conditions of E, the 
usual formula for the evaluation of the exterior differential of a differential 
form makes sense for truncated s-forms on (M, E) and for arguments in 
X^(M) that belong to £. Moreover, if is a regular structure, the exterior 
differential also makes sense if the last argument belongs to £' , while the 
other arguments belong to £. Whenever it makes sense, we will denote 
the differential of a truncated form by dtr, ■ In the regular case, (ijj. is a 
coboundary morphism 

(2.20) dtr : ^1{M, E) Qtr\M, E) , dl = 

and the cohomology spaces H^^{M, E) of the cochain complex (^^^(M, E), dtr) 
will be the truncated, de Rham cohomology spaces of {M,E). 

Proposition 2.3. For any integrable, big-isotropic structure E one has 

(2.21) dtrMX,, X2, X3) = 0, VX„ G ^, a = 1, 2, 3. 

// either E is an almost Dirac structure or E is a regular big-isotropic struc- 
ture, E is integrable iff S is involutive, the corresponding distribution £' is 
invariant by Lie brackets with vector fields of £ and (12.211) with X3 replaced 
byY e£' holds. 

Proof. For almost Dirac structures the result is known [1]. We prove the 
result for regular, big-isotropic structures and we will get the first assertion 
on the way. It was already shown that £ and £' satisfy the required conditions 
for any integrable, big-isotropic structure. Now, let Xi,X2 & £,Y & £' he 
differentiable vector fields on M and ai, ^2, /3 differentiable 1-forms such that 
(Xi,q;i), (X2,a2) G -E, {Y,[3) G E' . (The existence of is ensured by the 
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regularity hypothesis.) Then, keeping in mind the ^f-orthogonahty relations 
among these pairs and using fl2.15p . we get 

K.^)(Xi,X2,r) = {dcu){{X,,a,),{X2,a2),{Y,(3)) 

= Xi{a2{Y)) - X2(ai(F)) + Y{a,{X2)) + «i([X2, ¥]) - a2([Xi, Y]) 
- < Lxi«2 - -^Xatti - d{ai{X2)), Y >= 0, 

where dc is the operator defined by the usual expression of the exterior 
differential of a Lie algebroid with Courant brackets instead of Lie brackets. 

The previous calculation makes sense and remains true in the non reg- 
ular case if we also assume Y E S. This proves the first assertion of the 
proposition. 

Back to the regular case, if we start with a big-isotropic structure E which 
satisfies the required hypotheses then, for arguments as above, we get 

dtMX^, X2, Y) = 2g{[{X,, a^), (X2, a2)], {Y, f3)) 

= 2g{[{X2,a2),{Y,(3)],{Xi,ai)). 

Thus, if zu is rf^r-closed, E is closed by Courant brackets and E' is closed by 
Courant brackets with cross sections of E. 

For the non regular case, we do not get the converse result; from condition 
f lOTj) it only follows that [TE, TE] eVE'. □ 

Corollary 2.1. For any big-isotropic structure E and for each point x G M, 
there exists a canonical extension of E^ to an almost Dirac space Dx{E) C 
T^^^M. If differentiahle with respect to x, these spaces define a canonical 
almost Dirac extension D{E) of E and if E is integrable so is D{E). 

Proof. The restriction of -ro to £^ x £^ is a leaf-wise differentiahle 2-form and 
we may use fll.4l) and define 

(2.22) D,{E) = {{X,a)/X eS^SzWe S,, a{Y) = w,{X,Y)}. 
From fl2.16p . it follows that Er^ C Dx{E) and that we have 

(2.23) D,{E) = {{X,a) + (0,7) / (X, «) e E„ e annS,} = E, + annS,. 

Since E^ fl annSx = annS'^, (12.181) and (I2.23P show that dim Dx{E) = m. 
Notice that Dx{E) ^ E'^. If D{E) is differentiahle and E is integrable, S is 
a generalized foliation and D{E) is integrable because of (I2.2ip . □ 
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For instance, in the case of Example 12.31 D{E) = F (B ann F and, in the 
case of Example [221 we get D{E) = E ® T*J^2- 



Example 2.9. Let M be a manifold endowed with a regular, involutive, 
/c- dimensional subbundle S C TM and with a dtr-c\osed, truncated 2-form 
w of the pair {S,S' = TM). Then, the hypotheses of the regular case 
of Proposition 12.31 are satisfied and via (12.161) . we get the corresponding 
integrable, big-isotropic structure E^ = graph ^ T^^^M of rank k. Let £ 
be a complementary subbundle of £ {TM = £ (B £) and denote by a prime 
and a double prime the projections of a vector on £,£, respectively. Then, 
we can extend to a 2-form 6 G f2^(M) by the formula 

9iY,, F2) = zu{y;, y^) + U7(r/, Y^') - wiY^, y;') 

and we get E^ = Eq, where Eq was defined in Example 12.41 We would also 
like to comment on the following particular case. If ^l^xf is non degenerate 
on each leaf of £ we will say that the structure graph is non degenerate and 
there exists a regular Poisson bivector field 11 G x^i^) (Schouten-Nijenhuis 
bracket [11, 11] = 0) with the symplectic foliation £. Furthermore, since the 
non-degeneracy of cul^xf implies that ker = and im \>.^r)ann £ = where 
\)^ : £ ^ £'* = T*M, we deduce that T*M = im \)^(Bann£, therefore, tu also 
defines a normal bundle Q of the foliation £ which may be seen as Q = £-^^ . 
Conversely, if a regular Poisson structure 11 with symplectic foliation £ and 
a normal bundle Q of £ are given, we may extend the leaf-wise symplectic 
form of n by the value zero on Q to a closed, truncated form w and we will 
have the corresponding, integrable, big-isotropic structure graph\)^. Thus, 
a non degenerate structure graph\>^ is equivalent with a regular Poisson 
structure together with a normal bundle of its symplectic foliation. More 
exactly, if the Poisson bivector field is P and the normal bundle is Q, one 
has E = {(tlpA, A) / A G ann Q} and E' = E ® {Q ®Q*). 

We finish this section by indicating that, like a Dirac structure [1], an inte- 
grable, big-isotropic structure {E, E') on M allows for a partial Hamiltonian 
formalism as follows. A function / G C°°{M) will be called a Hamiltonian 
function if there exists a vector field Xf G x^(^) such that {Xf,df) G TE. 
Similarly, if [Xj, df) G TE' / is a weak-Hamiltonian function. We will de- 
note by C^^„(M) the set of Hamiltonian functions and by C*^^^(M) the 
set of weak Hamiltonian functions. The vector field Xf is a Hamiltonian, 
respectively weak-Hamiltonian vector field of / and any Z G x^{^) which is 
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a (weak-)Hamiltonian vector field for some / is a (weak-) Hamiltonian vector 
field. The fields Xj,Xj are Hamiltonian vector fields of the same function 
/ iff Xj — Xj e annprT*ME' and are weak-Hamiltonian vector fields of / 
iff xj — xj G annpTT-ME. Similarly, Z is Hamiltonian (weak-Hamiltonian) 
for two functions /i, /2 iff df2 — dfi G ann £' (respectively, df2 — dfi e ann S). 
We will denote by XHam{M), XwHam, respectively, the set of Hamiltonian and 
weak-Hamiltonian vector fields. 

Furthermore, if / G C^„„(M) and h G C^^^(M) the following bracket 
is well defined 

(2.24) {/, h} = Xfh = -zu{Xf, Xh) = -XrJ 

and does not depend on the choice of the Hamiltonian vector fields of the 
functions /, h. The bracket fl2.24p will be called the Poisson bracket of the two 
functions. Formula (11. 3p shows that {/, h} G C^„^(M) and one of its weak- 
Hamiltonian vector fields is [Xf,Xh\. Moreover, if both f,h G C*^„^(M), 
their Poisson bracket is skew symmetric and belongs to C*^^^(M). Now, if we 
notice that dtrw{Xf, X^, Xi) makes sense V/, h G C^„^(M), V/ G C^HamiM) 
(since the functions 'cu{Xf, Xi), etc. are differentiable) , the computation done 
during the proof of Proposition 12.31 now yields dtr^{Xf, Xh, Xi) = 0. This is 
easily seen to be equivalent with the Leibniz property 

(2.25) {fAhJ}} = {{f,h}J} + {h,{f,l}}, 

which restricts to the Jacobi identity on C^„^(M). Therefore, C^^^^i^M) 
with the Poisson bracket is a Lie algebra and C!^fj^^{M) is a module over 
this Lie algebra. Using the Poisson bracket (12.241) it also follows easily that 
XHam{M) is a Lie subalgebra of X"'^(M) and XwHam{M) is a module over the 
former. 



3 Canonical local bases 

We will discuss local properties of a fc-dimensional, big-isotropic structure E 
by constructing canonical, local bases in the neighborhood of a fixed point 
xq G M, as constructed by Dufour and Wade in the Dirac case [6J. In what 
follows the notation is the same as in Section 2. 

We begin with vectors X^,Y^ G T^f^M where a = 1, ...,dimSxoj 

is a basis of S^^ and Y^, h = 1, ...,dim£' — dimSxQ ^'^=^^ — f^^ jg ^ 
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basis of a complement of £xo in ^'xq- Then, there exist covariant vectors 
^qiVq ^ T*^M such that (X°,^q) are hnearly independent elements of E^q 
and (X°,(^q), (F^J^jT/q) is a basis of a complement of ker[E'^^ —> S'^^^). Since 
ker{E'^^ —> S'^^) = annSxo, if we add a basis (0, Co); (-5 = 1, dim annSxo) ^f 
ann we get a basis of E'^^. Moreover, since ann Sxq ^ ann £'^^, we may ask 
the basis (0, Co) to consist of elements (0, Kq), (0, z/q), u = 1, ...,dimann£'^^, 

g = 1, dim ann £xg — dim ann £'^^ ^ _ where (0, Kq) is a basis of 

ann£'^^. Then, since ker{ExQ — > £xo) = ct^'^^^xo' (^a' '^o)' (0' '^o) ^ basis 
of Furthermore, we shall need vectors G Tx^M, a = 1, ...,dimM — 
dim£'^^ = dim ann £'^^, which are a basis of a complement of £x^ in Tx^M. 
Notice the important fact that the indices h, q, on one side, and u, a, on the 
other side, have the same range. 

Now we shall extend the basis Bq = ^^), (0, k^), (Y^, r/^), (0, z/^)} to 

a basis of cross sections of E, E' over a neighborhood U of Xq in M; we will 
allow U to undergo as many restrictions as needed for the correctness of the 
various constructions below without changing its name. 

Clearly, we may assume that there exists a basis of T^/M that consists 
of local vector fields (X^, Y^, Z„) with the values Y"^", at Xq and we 
denote by {9"- , (p'^ , ■ip'') the corresponding, dual, local basis of T^M, i.e., 

r(x,) = 5,",r(n) = o,r(z^) = o. 

Accordingly, an extension of the basis Bq to a basis of {E, E') over U has an 
expression of the form 

where we use the Einstein summation convention, A'a, is a basis of E\u, 



(3.1) 
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3^/i, Qq completes the former to a basis of E'\u and 

5^<^(xo) = 0,A^(xo) = 0, 
0,Bl^{xo) = 0,B'^{xo) = 0, 
0,C;'(a;o) = 4C^M = 0, 
0,L;^(xo) =0,L;''^(xo) = 0. 

We shall change this basis in order to simplify the expressions (13. II) . How- 
ever, we keep denoting the elements of the new bases by the same letters as 
in (13.11) . Firstly, in view of (13.21) . we may assume that the matrix (A^) is 
non degenerate on U and change the vectors Xa by the matrix As a 

result we get a basis (13. ip where = 6^. Similarly, we may get = 5^. 
Then, the new basis may be changed by S„ — B'^Xa and get a new 

basis (13. ip where B^ = 0. Similarly, we may get = 0, = 0, then, with 
the change 6^ h-^ 0g — L'^yh-, also get L'^ = 0. 

Thus, any big-isotropic structure (i?, E') has local bases of the form 

(X, + X^Yj, + A^Z., ate' + a^^cj)^ + aj^r), 

where {Xa, S„) is a basis of E and (13. 2p holds. 

Furthermore, the following gf-orthogonality conditions must be satisfied: 

(3.4) Xd _L(^ X^)^ Xd _L(j -Lg Xd _Lg 3^?t) 

In particular, the second, fifth and sixth conditions (13.41) . taken at Xq give 

/?:(xo)=0, /3;"(a;o)=0, A^(xo) = 0. 

This implies that the 1-forms f^'^^ip'^ , on one hand, and X^4''^ + X^tp^^ , on the 
other hand are linearly independent at xq and on a neighborhood U of xo, 
which may be used for further simplifications of the basis: i) we may linearly 
change S„ by the inverse of the matrix (/3^") and get a new basis (13.30 where 



(3.2) 



Q(^o) 



(3.3) 



Xn 



yh 
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/^a" = ii) after change i), subtract E<x"a"S^. Y.ala^-'y^ 'EaK'^-'^ from 
Xa, yh, 0(j, respectively, and get rid of the terms with ip'^ in Xa, yh, ©g, iii) 
change ii) reaches a situation where the forms A^^^'^ are independent and we 
will change the Qq by the inverse of the matrix (X^) and obtain = 
for the new basis, iv) subtract ^iJi^Qi from yh and get 7^'^ = in the new 
basis, v) since change ii) alters the coefficients of Yh in yh and adds terms 
in Yh to Qq, we correct that by changing the new yh with the corresponding 
coefficient matrix (which is non degenerate on U) and by subtracting the 
necessary linear combination of yh from 6g. The result is a local basis of 
{E, E') that looks as follows 

= (X, + A'^^Yh + K'^Z,, al9' + a^^ct)^), 
S„ = {B':^Yh + Bl"Z„, (3:e- + 0^<P^^ + r). 
yh = {Yh + C'i'^Z,,^^J-), 
Qq = {Ll"Z,,Xie^ + cp^), 

where ( 13.21] are still valid. 

It is easy to see that, if the vector fields X^, Y^, Z^j are fixed, there is only 
one basis of {E,E') which is of the form (13.51) . For this reason we will say 
that the basis (13.51) is a canonical, local basis of the big-isotropic structure 
E. 

Now, we consider the integrable case. Let U he a neighborhood of the 
point xq on the characteristic leaf S through xq. Then dimSlu = const, and, 
in view of (12.181) . dim£'\u = const, too. Furthermore, on the neighborhood U 
of xq in M there are coordinates (x", y^, z'^) such that xq has the coordinates 
(0,0,0), the equations of U are y'^ = 0, z'^ = 0, £\u = span{{d / dx'^)\u} 
and £'\u = span{{d/dx°')\u, {d/dy^)\u}. Indeed, we may assume that is a 
tubular neighborhood of U where the tangent space of the tubular fibers at 
the points of W is a direct sum of a complementary space of £ in £' and a 
complementary space of £' in TM; then, take x" coordinates on U and y^, z'^ 
coordinates along the tubular fibers such that {d/dy^)\u span the chosen 
complement of £ in £' and {d/dz'^)\i( span the chosen further complement in 
TijM. The tubular structure of the neighborhood U will be important and 
we will denote by JF the foliation of U by the tubular fibers, for later use. It 
is easy to see that we can construct bases (13.11) where 

(3.6) = ^. n = ^ + = ^ = 0). 
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If these values are inserted in fl3.5l) . the result takes the following form (with 
new coefficients): 



(3.7) 



Q, = {L''-£^,Xldx- + dy'' 



where ( 13.21) holds Vx G W and (13. 4p holds on U, which means that we have 



(3.8) + + a'.^Bl^ + = 0, + 3';^ + P'-B'J^ + 0^B'^ = 0, 

at + a', + d^iKt + a^Ml^ = 0. 

We also notice that, if we are interested in bases of without requiring 
them to be a prolongation of a basis of we may repeat the subtraction 
trick between Xa-, H„ and 6g and between Xa, H„ and yh as well and get a 
basis of the form (13. 7p with the supplementary conditions 



(3.9) 



ay 



0, 4" = 0, = 0, B': 



0; 



the new pairs Xa-, may not belong to E any more and (13.81) does not hold. 
It follows easily that, if the local coordinates {x"" , z") such that 



(3.10) 



0, z'' 



u 



0, 



d 



dy^' 



e i£'\£)\u, 



d 



u 



dz"" 



e {TM\S') 



u 



are chosen, the basis of the form (13.71) where Xa,'E:u E E and 3^/i, 6, G E'\E is 
unique. A similar fact holds for the basis of E' which satisfies the conditions 
(13.91) . Accordingly, the basis (13. 7p will be called a canonical, local basis of 
the integrable, big-isotropic structure {E, E') and the basis where (13. 9p also 
holds is a canonical basis of E'. 



Remark 3.1. In the Dirac case k = m, the basis (13. 7p reduces to 

dz° 



(3-11) ^a={^^+K''4;^.<dx'l E^ = {B:-^,p:dx^ + dzn 



dz" 
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which are the formulas given in [B]. In the almost Dirac case, we have the 
corresponding formulas deduced from fl3.5p 



(3.12) 



'U 



For fl3TTD and ([312]) the conditions (E^D reduce to 



(3.13) 



a', + al = 0, i?^ + By = 0, P: + = 0. 



As an example, we use these formulas for a straightforward proof of the fact 
that, in the two-dimensional case m = 2, any almost Dirac structure D is 
Dirac. Indeed, the points of M may be classified into three classes (0, 1,2) 
where dim{prTMD) = 0,1,2, respectively. Obviously, any point of class 2 
has a neighborhood U of class 2 and D is integrable on U. Formulas (13.121) 
and (I3.13P show that any point of class 1 is regular, hence, it also has a 
neighborhood where D is integrable. If a point of class has a neighborhood 
U of points of class 0, D is integrable on U. Finally, if a point xq of class 
has no such neighborhood, every neighborhood of xq has points that are of 
class 2 (necessarily), hence, Xq is the limit of points that have neighborhoods 
where D is closed by Courant brackets and, by continuity, Xq also has a 
neighborhood where D is integrable. A similar analysis, where it is simpler 
to use Proposition 12.31 instead of the local, canonical bases shows that a 
big-isotropic structure E with k = l,m = 2 must be integrable. 

4 Local geometry of a big-isotropic structure 

We begin with a preparatory discussion of the operation of pullback of a 
big-isotropic structure by a mapping (see [21 H] for the Dirac case), which is 
of a more general interest. Let / : iV" — >■ M"* be a mapping of manifolds, 
X & N,y = f{x) a pair of corresponding points, and E an arbitrary vector 
subbundle of T^^^M. We denote by the differential of / and by /* the 
transposed mapping of /*. Then 



(4.1) 



r{Ey) = {(X, ra)/X G T,N, a G T;M, 



U.X,a)eEy} 



is the pullback oi E x. 
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Proposition 4.1. Let E be a rank k, big-isotropic subbundle of T^^^M . 
Then f*{Ey) is isotropic in T^^^N and its Q]^- orthogonal space is {f*{Ey))' = 
f*{Ey). Furthermore, if f is an embedding of N in M, if E is an integrable, 
big-isotropic structure on M and if f*E = Uy(zMf*{Ey) is a differentiable 
subbundle ofT^''^N then f*E is an integrable, big-isotropic structure on N. 
Finally, the condition 

(4.2) Eynkerf; = E'ynkerf; 

characterizes the situation where the dimension of f*{Ey) is n — m + k. 

Proof. It is easy to check that f*{Ey) is an isotropic subspace of {T^^'^N, g^) 
and we will compute its dimension. Obviously, we have 

(4.3) dim ker f^^ = n — rank^f, dim ker f* = m — rank^f. 
Then, define the space 

(4.4) Sy = {{f,X,a)eEy/Xe T,N, a G T;M} = Ey n (zm © T;M), 

and notice that the correspondence (/*X, a) (X, f*a) produces an iso- 
morphism 

(4.5) Sy/{Sy n kerf;) ^ f*{Ey)/ker f,,. 
Therefore, 

(4.6) dim f*{Ey) = dim ker f^^ + dim Sy — dim{Sy fl ker /*) 

= dim ker /^j. + dim Sy — dim{Ey fl ker /*) 

(the equality Sy fl ker f; = EyH ker /* follows from the definition of Sy since 
kerf;(Zimf,,®T;M). 

Furthermore, we notice the equality 

(4.7) imf,^®T;M = {kerf;)^^^^, 

which follows since the left hand side is included in the right hand side and 
the two spaces have the same dimension by (14.31) . Accordingly, we have 

(4.8) Sy = {E')^^M n {ker r)^«« = {E' + ker f;)^^M , 
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whence, using the classical relation between the dimensions of the sum and 
intersection of two linear subspaces, we get 



If we combine flT6D . (gSD and fOj) we get 

(4.10) dimf*{Ey) =n-m + k + dim{E' n ker /*) - dim{E n ker /*). 

The same procedure with the roles of E and E' interchanged uses the 
space S' = E' n {im © T*M), which (like in (14. 9p ) has the dimension 



and leads to 

(4.12) dimf*{Ey) =n + m-k- dim{E' n kerf*) + dim{E n kerf*). 

Hence, dim f*{Ey) + dimf*{Ey) = 2n and, since it is easy to check the 
(7Ar-orthogonality of these two spaces, we have f*{E'y) = {f*{Ey))^^N , 

For the second assertion of the proposition, it suffices to notice that 
X G T^N belongs to prx^jq f*{Ey) iff f^X G prXyuEy. If / is an embedding 
and if f*E is a different iable subbundle (in particular, dim f*{Ey) = const.), 
a field X G VijrrT^N^f* E)) has an /-related field G T{prTyME). More- 
over, since dim ker f* = m — n = const., a cross section of f*E must be 
of the form (X, f*a) where {f*X, a) is a differentiable cross section of E, 
and the same holds for f*E' and E'. If these facts are taken into considera- 
tion, a straightforward examination of the Courant brackets shows that the 
integrability conditions for E imply the integrability conditions for f*E. 

Finally, hypothesis (14.21) is equivalent with dim{E' fl ker /*) = dim{E fl 
ker fy) and, by (I4.10p . we have the required dimension for f*{Ey) iff (14.21) 
holds. □ 

Remark 4.1. 1) By (1410D . dimf*{Ey) = const, iff 

dim{Ey n ker f*) — dim{Ey fl ker f*) = const. 
By (14. 9 p and (14. lip , this condition is equivalent with 

dim Sy — dim Sy = 2(m — k) — {dim{E' fl ker /*) + dim{E fl ker /*)) = const. 



(4.9) 



dim Sy = 2m — dim{Ey + ker /*) 
dim Ey — dim ker f* + dim{E' fl ker /*). 



(4.11) 



dim Sy = dim E'y — dim ker f* + dim{Ey fl ker /*), 
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2) The algebraic content of Proposition 14.11 holds for any linear mapping 
I : V ^ W between linear spaces and any isotropic subspace E C W Q) W* . 
The significance of the equality dim f*{Ey) = n — m + k is the codimensional 
invariance property n — dim f*{Ey) = m — dim Ey. Hypothesis (14. 2p holds in 
the Dirac case {E = E') and in the case where / is a submersion [ker fy = 0). 

Corollary 4.1. With the notation of Proposition 14.11 and of its proof, if 
f is an embedding and if dimSy = const., dimSy = const, the pullbacks 
f*E, f*E' are differentiahle. 

Proof. By the definition of Sy, S'y (see (14.41) ). if the dimensions of these spaces 
do not depend on x, Sy, S'y are differentiable with respect to x; then, by 
Remark 14.11 1) dim f*{Ey) = const, and dim f*{Ey) = const. On the other 
hand, since / is an embedding, ker f^^ = and formula (14. 5 p yields 

(4.13) Sy/{Ey n ker /;) ^ f*{Ey), S'y/{E'y n ker /;) ^ f*{E'y). 

Formula (I4.13P and the constant dimensions of the spaces therein imply the 
differentiability of f*E, f*E' and Proposition 14.11 allows us to conclude. □ 

Now, we shall discuss some local properties of an integrable, big-isotropic 
structure E. 

Proposition 4.2. The pullback of an integrable, big-isotropic structure E 
to a characteristic leaf S is the same as the pullback of its Dirac extension 
D{E) and it is a presymplectic structure of S. 

Proof. Consider the neighborhoods U,U where one has the canonical basis 
(13.71) and S (lU has the equations = 0, z"" = 0. Then, at the points of 
W, 7 G Q^{M) belongs to annS\u iff = 'jhdy^ + ■Jadz'^. This implies 
that i*-f = {i : U ^ M), whence, by (^M), i*D{E) = i*E. Now, (lO) 
and (13. Sp . which hold for the coordinate values (x",0,0), give P^{x'^,0,0) = 
0, Q;^(a;'^, 0, 0) = — a^(a;'^, 0, 0) and, accordingly, (14. ip shows that 

t*E = {{fa^, /a«?(x^ 0, 0)dx') I fa = faix')}- 

Therefore, i*E is the presymplectic structure defined by the 2-form of com- 
ponents a'^ix'^, 0, 0), which is just zulsxs- n 
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Remark 4.2. The canonical basis fl3.7p also provides a local expression of the 
Dirac extension D{E) over the neighborhood U. Indeed, ( 13.71) shows that the 
annihilator of span{prTAi'^a} is spanned by the 1-forms dy^ — A^dx""^ dz'^ — 
A^'^dx"' and annS consists of the forms 

7 = <fh{dy'' - ^adx") + ij^^dz" - <"c/x") 

where 

(4.14) ^nB':: + ^.B'i^ = 
Therefore, 

(4.15) Du{E) = {rx, + + (0, i^uidy'' - <^rfx") 

^ij^idz'' - X'^'^dx''))] 

where s", iphi i'a £ C°°(f/) and (14.141 ) holds. In particular, if the structure 
E is regular then B,^ = 0,B^'^ = and D{E) is a differentiable, Dirac 
structure. 

Now, at xq , we consider the local transversal submanifold Qq of the 
characteristic leaf S given by the equations x"" = and denote by i : Qo ^ 
the corresponding embedding. For this embedding, (13.71) shows that the 
spaces S, S' of Corollary 14.11 are given by 

S = span{Eu\Qa}, S' = span{S„|Q„, 3^/,|qo, GglgJ, 

hence, S, S' have a constant dimension. Then, Corollary 14 . 1 1 tells us that Qo 
has an induced, integrable, big-isotropic structure E^J^ = l*E, which will be 
called the transversal structure of E at xq. 

Furthermore, with (14.41 ) and (13.71) . it follows that E Piker l* = Sdker t* = 
and we see that E^J is isomorphic with the bundle S\qq. In particular, 
(modx° = 0) is a basis of the transversal structure E"*^ along Qq. We also 
notice that E^^ fl (TjF © ann TJ^) = and, in particular, E^^ is of the graph 
type (it is the graph of a mapping A ^ TQq, where A is a field of subspaces 
of T*Qo). 

Any local transversal submanifold Tq of W at xq inherits a transversal 
structure since there exists a tubular neighborhood such that Qo = 'Sa- 
lience, we may speak of the transversal structure in a generic way, which, 
however, does not mean that the transversal structures defined on different 
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submanifolds % are equivalent. We shall address this question but we need 
more preparations first. The following considerations are inspired by the case 
of foliation-coupling Dirac structures [15] and may be used in a discussion of 
the coupling between a big-isotropic structure and a foliation, which we do 
not intend to develop. 

Recall that U has the tubular foliation JF of equations = const.. Define 
the field of subspaces 

(4.16) H{E,J^) = {Z e TM /3a G annTT, {Z,a) G E}. 
Using the basis (13.71 we get 

(4.17) H{E,J^) = {rpvTuXj J^f'^'u = 0, r e C~(f/)}, 

a 

therefore, H{E,J^) fl TjF = 0. Generally, H{E,J-') may not have a constant 
dimension; we will say that H{E,J^) is the pseudo-normal bundle of J-". 
H{E.,J-') is a true normal bundle, i.e., 

(4. 18) TuM = H{E,r)® TT, 
iff 

(4.19) d;i = ^ (9 7.^ = 0). 

We would like to notice that condition (14.191) has other interesting inter- 
pretations too. One of them is obtained if we define the field of subspaces 

(4.20) n{E', T) = {e(^ T*M /3Z e TJ^, (Z, 6) G E'}, 

which we call the pseudo-conormal bundle of J-" modulo E. Using (13.71) . it 
follows that e G hIe', T) iff 

B = ipuiPyx" + p'fl'dy'' + rfz") + ^hladx"" + /Xg(A^da;" + dy''). 
Accordingly, we see that 

(4.21) T^M = l-L{E\r) + annTT, n{E' ,T) n annTT = spani^f^dx"} . 
Therefore, we have 

(4.22) T^M = H{E',J^)®annTJ^ 
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iff ( Km holds. 

For another interpretation of condition fl4.19l) let us define the field of 
subspaces 

(4.23) H{E', T) = {Z E TM / 3a e ann TJ^, {Z, a) G E'}. 
Notice that H{E,J^) C H{E',T). From ([32D, we get 

(4.24) H{E\ T) = spanipvTAiXa - ^^K" ^^P^'TMyh], 

q,cr 

Therefore, S'\u = H{E',J^)+TJ^ and H{E',J^)nTJ^ is the (trivial) (m-k)- 
dimensional bundle with the basis {prTMyh}- Together with (14.241) . this 
implies 

(4.25) {ann J^)* ^ H{E\ J^)/{H{E', J^) n TJ^). 

On the other hand, let us recall the truncated 2-form vj : £ ^ £' ^ 
and consider its second flat morphism : £' ^ £* given by (b^y)(X) = 
G7(X,r). It follows that condition fHTB holds iff 

(4.26) H{E\J^)r}TJ^ (ZkerV^. 

This again is an interpretation of (14.191) . Notice also that if (14.191) holds then 
\fX G H{E', T) the corresponding 1-form a such that (X, a) G E' is uniquely 
defined. 

The interesting fact that follows from (14.181) is that E\u decomposes along 
JF and H{E,J^). Indeed, using the canonical basis (13. 7p we see that (14.181) 
implies 

T*J^ ^ annH{E,J^) = span{dy^ - A'^dx", dz" - K'^dx"} 

and 

E n (TJ^ © T*J^) = span{Eu}. 

Thus, this intersection produces the transversal structures on the fibers of 
JF. We also have H*{E,J-') ^ annTJ-' and 

E n {H{E, J^) © H*{E, T)) = span{X^}. 

Therefore, the following decomposition holds 

(4.27) E\u = [En (T^ © T*^)] ® [E n {H{E, T) © E\E, 
This property justifies the following definition. 



24 



Definition 4.1. An integrable, big-isotropic structure on M is called 
locally decomposable if each point x G M has a tubular neighborhood U of 
the characteristic slice (a neighborhood of the characteristic leaf) U through 
X, with the tubular foliation JF, where the decomposition (14.181) holds. If 
fll.lSp holds for any tubular neighborhood, E will be called strongly, locally 
decomposable. 

All the Dirac structures are strongly, locally decomposable ||6j; a non- 
Dirac example follows. 

Example 4.1. Take M = R'^ with coordinates {x,y, z) and 

E = span{(^,0),(0,ci2)}. 
E is a. regular, integrable, big-isotropic structure of dimension 2 with 

E' = E ® span{{^,Q),{Q,dy)]. 

The given basis is canonical and local decomposability holds. New tubular 
coordinates are defined by 

X = x{x, y^z),y = y{x, y,z), z = z{x, y, z), 



where (see (I3.10p 

y(x,0,0) = 0, z(x,0,0) = 0. 



dx 



(x,0,0) 



dz 
dx 



(x,0,0) 



dz 
dy 



ox Oy Oz 



If we make this change in the generators of E and produce a canonical basis 
out of the result we see that (I4.19p . hence local decomposability, also holds 
for the new tubular neighborhood. 

The following example shows that local decomposability of an integrable, 
big-isotropic structure does not imply strong, local decomposability. 
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Example 4.2. Take M = with the canonical coordinates (x^, x^, y^, y"^, z). 
Define 

d 

(4.28) E = span{Xi = (— , dx^ + dy^), 

^2 = -dx' + dy^), Hi = (0, dz)}. 

This is a regular, 3- dimensional, integrable, big-isotropic structure and the 
orthogonal bundle E' has the supplementary generators 

(4.29) = ( — , -dx'), = (^, -dx'), Oi = (0, dy'), = (0, rfy^). 

The characteristic leaf through the origin is the (x^, x^)-plane, may be 
seen as a tubular neighborhood of this leaf and the basis given by fl4.28p . 
f l4.29p is canonical. Accordingly, the local decomposability property does 
not hold for the tubular foliation that consists of the family of 3-dimensional 
planes with coordinates {y^,y'^,z). Now, consider the following coordinate 
transformation 

~1 1 2 -2 2,1 -1 1 -2 2 - 

X = X -y , X = X +y ,y =y , y = y , z = z. 

If we express the pairs f l4.28p . fl4.29p and then produce a canonical basis of 
{E, E') with respect to the new coordinates we get 

<*i = (^'^5')' ^2 = ig^,-dx'), H = {0,dz), 

yi = (^, o),y2 = (^, 0), ei = (0, df), 92 = (0, df). 

Thus, with respect to the tubular fibers defined by the new coordinates the 
local decomposability property holds. 

It is known that the transversal structure of a Dirac structure is well de- 
fined up to a natural equivalence [6j. We will show that the same holds for 
the integrable, big-isotropic structures that are strongly, locally decompos- 
able. The basis (13. 7p also yields a transversal structure on each submanifold 
Qx defined by x" = x"(x) (x E U). We will denote by E^"^ the family of 
transversal structures x ElA and prove the following lemma. 
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Lemma 4.1. Let E be a locally decomposable, integrable, big-isotropic struc- 
ture on M, Xq a point of M and U a tubular neighborhood of Xq with the 
tubular foliation T . Then, any T-projectable vector field Z G H{E,T) is an 
infinitesimal automorphism of the transversal structure E^^' . 

Proof. Since Z is JF-projectable, the flow of Z sends leaves of to leaves of 
J^. As explained earlier, the transversal structure E*^ on the leaves of JF is 
induced by the vector bundle S = span{Eu} (see (13 .yp ). Equivalently, E^^ is 
induced also by the bundle E^^ = S (B annTJ-' (obviously, the intersection of 
the terms is zero and E^'"" is an integrable, big-isotropic structure on U of the 
same dimension k like E). Thus, the conclusion will be obtained if we show 
that Z is an infinitesimal automorphism of If we denote 

(4.30) A:a = {Va,iy''),Eu = {Wu,C), 

the projectability of Z is equivalent with asking Z = C°'{x^)Va and Z is an 
infinitesimal automorphism of E^"^ iff 

(4.31) (Ly^W^^Lv^n^rE'^. 

The integrability of E implies the existence of local functions such 
that 

= i[Va,Wu],Lv^C-Lw^i^'' + diiy''iWu))) 

= i[Va,W^],Lv^C-t{Wu)du'^) = {Ly^Wu^Ly^C) 

-(0,(W^X)^^a;^) = r'^a + V^"H«, 

where we have used the local decomposability condition = 0. Since 
\Va, Wy\ does not contain d/dx"", we must have = and fl4.3ip follows. □ 

Now, we can prove 

Proposition 4.3. Let E be a strongly, locally decomposable, integrable, big- 
isotropic structure on a manifold M . Then, the transversal structure E^^^ is 
well defined up to a structure preserving diffeomorphism. 

Proof. The proof given for the Dirac structures in [6J also holds here. First 
we look at local transversal submanifolds 7J), Ti of the characteristic slice 
U aX Xq ^ Xi E U. Then, there exist a tubular neighborhood such that 
To, Ti are fibers of the tubular foliation T and a diffeomorphism $, which 
is a composition of transformations of flows of jF-projectable vector fields 
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Z G H{E^ JF), that sends Tq onto 7^. By Lemma HTTl $ sends the transversal 
structure on Tq onto the transversal structure on 7^. Now, if we have two 
different local transversal submanifolds Tq, Tq at the same point xq of W, we 
take a loop of at xq, break it into a finite number of pieces, and go from Tq 
to Tq through intermediate transversal submanifolds defined at the breaking 
points. The composition of the diffemorphisms $ defined as above between 
the intermediate transversal manifolds gives us the required equivalence of 
the transversal structures on Tq and Tq. □ 

5 Reduction of big-isotropic structures 

Recently, the generalization of symplectic reduction to Dirac structures was 
discussed by several authors, in particular [21 [10]. In this section we discuss 
a reduction scheme for big-isotropic structures. 

We begin by defining a push forward procedure. The notation will be 
similar to that of Proposition 14. 1( in particular, we consider the mapping 
/ : iV — > M and the corresponding points y = f{x). But, we start with a 
rank k subbundle E C T^'^^jsf _ Then, we define the push forward of E by 



(5.1) UE,) = {{UX,a)/X e T,N, a e T;M, {XJla) e E^}. 



Proposition 5.1. // the bundle E is a big-isotropic structure then f*{Ex) 
is an isotropic subspace of {T^^ M, qm) and its orthogonal space is f^{E'^). 
Furthermore, iff 



the dimension of f^{Ex) is m — n + k. 

Proof. The isotropy of f*{Ex) is obvious. Then, let us define the space 



(5.3) S = {(X, ra) eEjX eT,N,ae T;M} = E,n {T,N © zm /*) 



(5.2) 



E^ n ker f^^ = E'^f] ker f^^ 



{E'^ + kerf,,) 



The last equality (15. 3p follows from 



(5.4) 



{ker f^x) 
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which holds because the right hand side is included in the left hand side and 
the former has the dimension required for the orthogonal space of the latter. 
The correspondence (X, f*a) h- > a) produces an isomorphism 

(5.5) E/{E, n ker ^ f,{E,)/ker 

whence 

dim f^.{Ex) = dim ker f* + dim S — dim{Ex fl ker f^,^) 



m — rankj-f + dim S — 2n + dim{Ex fl ker f. 



*x J 



■SN 



'I^P m — rankxf + dim S — 2n + dim{{TxN © im /*) + E'^) 

= m — rankxf + dim S — 2n + dim{TxN © im /*) 

+dim E'^ - dim{{TxN © im f*) n E^.) 

= m + n — k + {dim S — c?im S'), 

where S' is the space (15. 3p for E'. 

The same calculations with the roles of E and E' interchanged give 

dim f*{E'^) = m — n + k — {dim S — dim S'), 

hence, dim f^:{Ex)+dim f*{E'^) = 2m. Since it is trivial to check that the two 
spaces are ^^Az-orthogonal, we get the required relation f*{E'^) X^^^^ f^:{Ex). 

Furthermore, from the last expression of S in (15.31) and the similar ex- 
pression of S' we get 

dim S — dim S' = dim S "'""'v — dim S"'"®^^ 

= dim Ex + dim ker f^^ ~ dim{Ex fl ker f^^) 
—dim E'^ — dim ker f^^ + dim{E'^ fl ker f^^) 
= 2k — 2n + {dim{E'^ fl ker f^^) — dim{Ex H ker f*x))- 
Accordingly, we obtain 

(5.6) dim f*{Ex) = m — n + k + {dim{E'^ fl ker Z^.^.) — dim{Ex H ker /*x)), 
which justifies the last assertion of the proposition. □ 
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Remark 5.1. Proposition 15.11 holds for any linear mapping I : V ^ W be- 
tween linear spaces and any isotropic subspace E C V (BV*. The significance 
of the equality dim f*{Ey) = m — n + k is the co dimensional invariance prop- 
erty n — dim = m — dim f^,{Ex). Hypothesis fl5.2p holds in the Dirac case 
{E = E') and in the case where / is an immersion (fee//* = 0). If / is a 
submersion and the difference between the dimensions of S, S' is constant 
then dim f^{E^) is the same Vx G A^. However, there may not be a well 
defined subbundle f^E because f'l{y) may have more than one point. 

Proposition 5.2. If f is a submersion then f^,f*{Ey) = Ey. If f is an 

immersion then f*f^{Ex) = E^. 

Proof. By looking at the formulas (14.11) . (15. ip we see that {Z, A) G f^f*{Ey) 
iff {Z,\) = {f*X,a + (3) where {f^X,a) G Ey and f3 G ker f*. Since, if / 
is a submersion ker f* = 0, we get {Z,X) G Ey, hence, f^f*{Ey) C Ey. On 
the other hand, again since / is a submersion, any pair of Ey is of the form 
hence, of the form (Z, A) G fJ*{Ey). Thus, Ey C fJ*{Ey) and 
the first assertion is proven. The proof of the second assertion is similar. □ 

Another kind of preparation that we need concerns the notion of pro- 
jectability. Let M be an m-dimensional, differentiable manifold and JF a fo- 
liation of M by p-dimensional leaves. In what follows, the terms projectable 
and foliated are synonymous and describe objects related with correspond- 
ing objects of the space of leaves via the natural projection. In particular, a 
vector field is foliated if it can be projected onto the space of leaves and a 
differential form is projectable if it is the pullback of a form on the space of 
leaves (such forms are called basic forms by most authors). 

Definition 5.1. An arbitrary subbundle E C T''*^M of rank k is called 
foliated or projectable if each point x G M has an open neighborhood U 
such that the quotient manifold Qu = U/{J-'\u) is endowed with a subbundle 
C T^'3Q^ that satisfies the condition E\u = vr*(A[/) {n : U ^ U/{J^\u)). 

In Definition 15. H vr is the natural projection and tt*{Au) is obtained by 
the pullback of Au, i.e., 

(5.7) E^ = {{X,7r*a)/X G T,M, (vr.X, a) G A^(,)} {x G U). 

Proposition 5.3. The subbundle E is foliated iff it satisfies the following two 
conditions: a) E D TJF, b) each point x G M has an open neighborhood U 
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such that TE\u has a basis (Xj, {i = 1, k) with projectable vector fields 
Xi and projectable 1-forms C,\ Furthermore, condition b) may be replaced by 
b') every Y G FTjF is an infinitesimal automorphism of E, i.e., V(X, ^) G TE 
one has [LyX, Ly^) G TE. 

Proof. If E is projectable, since (0,0) G A[/, formula (15. 7p shows that a) 
holds. Then, assume that (K, A") (m = 1, ...,(? = m — is a local basis 
of the cross sections of Au and put Vu = [Xu]tj^,^u = 7r*A" (X G x^{U)), 
where the brackets denote equivalence classes modulo TjF. It follows easily 
that TE\u has a local basis that consists of (X^,^") and of a basis of FT J-". 
Hence b) also holds. Conversely, if we have the properties a), b), we can 
change the basis provided by b) to a basis of the form ((X^j, ^"), (Yq, 0)) 
where Ya is a local basis of TjF and ([Xu]t:f, A"), = 7r*A", is a basis for 
the local structure Au required by Definition 15. 1[ For the last assertion, if 
b) holds and if we put (X,0 = Eti fK^uC) then 

k 

{LyX,LyO = Y.{Yf^){X,,C) e TE. 

i=l 

Conversely, assume that a), b') hold. For any x G M, we can take a cubical, 
open neighborhood with jF-adapted local coordinates {z'^, y") (i.e., JF has the 
local equations dy'" = and 2;"(x) = 0,?/"(x) = 0). Then, we can take an 
arbitrary basis of E of the form {d/dz"" ,0), {Vu, X^)) along the transversal 
slice z"' = and move {Vu, A") along the slice = by the linear holonomy 
of the foliation (e.g., [H]). By hypothesis b') the flows of the tangent vectors 
of the leaves preserve E, hence, the result of the previous procedure consists 
of cross sections of E and we get a projectable basis as required by b). □ 

We may apply the previous general results to speak of projectable, big- 
isotropic structures, integrable or not, and of projectable (almost) Dirac 
structures. First, we notice the following corollary of Proposition 15. 3[ 

Corollary 5.1. An integrable, big-isotropic structure E of M is foliated iff 
E D TJ^. 

Proof. . For a foliated subbundle E we have E 3 TjF by a) of Proposition 
15. 3[ Conversely, since TE is closed by Courant brackets, with the notation 
of b'). Proposition 15. 3[ we have 

[{Y,0),{X,O] = {LyX,LyOeTE. 

Hence, conditions a) and b') hold and we are done. □ 
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Proposition 5.4. For a big-isotropic, projectable subbundle E C T^^^M , 
TE is closed by Courant brackets iff the spaces FA^/ of the local projected 
subbundles Au are closed by Courant brackets. 

Proof. For two different iable, local, cross sections of E of the form prescribed 
by (15.71) the Courant bracket has the following expression 

(5.8) [(X, 7r*a), (F, 7r*/5)] = ([X, F], 7r*(L^,x/9 - L^.ya) 

+ ^(i(a(7r,y) - /3(7r,X))) 

and it is related by fl5.7p with the Courant bracket [(vr^.X, a), {t^^Y, [3)] on Qu. 
Thus, if FA is closed by Courant brackets, the left hand side of (15. 8p is in TE. 
Furthermore, the Courant bracket satisfies the property that, V/ G C°°{M), 
one has 

(5.9) [(X, a), /(y, /?)] = /[(X, a), (F, /?)] + (X/)(r, /?) 

-^7((X,a),/(y,/5))(0,rf/) 
and the isotropy of E yields 

[/(X, 7r*a), /i(F, TT*/?)] = fh[{X, 7r*a), (F, 7r*/5)] 

+/(X/i)(X,7r*a)-/i(F/)(F,7r*/5), 

where f,h E C°°{M) may not be projectable. Accordingly, the existence of 
projectable bases of E shows that the bracket- closure of TAjj implies the 
bracket-closure of TE. The converse result is a straightforward consequence 
of the existence of the projectable bases of E. □ 

Remark 5.2. From ([ESD it follows that if E C T^^^M is closed by Courant 
brackets then either E is isotropic or E D T*M. 

Proposition 5.5. If E is a projectable, big-isotropic structure on the foliated 
manifold (M, J^) its orthogonal bundle E' is projectable as well. Moreover, 
the corresponding, local, projected bundles Ajj are big-isotropic on the local 
transversal manifolds Qu, the orthogonal bundles /S.'u are the local, projected 
bundles of E' , and E is integrable iff the structures /S.u o,re integrable. 
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Proof. It is easy to check conditions a) and b') of Proposition 15.31 for E'. 
(In particular, for b') take {X,a) G TE,(Y,P) G TE',Z G TjF, express 
Z{g{{X,a), (Y, P))) = and use b') for E.) For the other assertions, use 
Proposition 15.41 □ 

Example 5.1. Let P G x^{M) be a bivector field on {M,J^) and define 

(5.10) Dp = TJ^® {(tlpa, a) / ae ann{TJ^)}. 

This is an almost Dirac structure, which does not depend on the TjF-component 
of P in the following sense. If vj^ is a normal bundle of JF, i.e., TM = 
vT © TT and if we put 

(5.11) p = ^P'^'Za AZ, + p-^Za A y„ + ^p™y„ A n, 

where {z"',y^) are the local coordinates used in the proof of Proposition 15.31 
and Za = d/dz"", = d/dy^ — f^Za (for some coefficients t°). Dp is spanned 
by (2'a, 0) and {P^'"Yy,dy^). Conditions a), b') of Proposition 15.31 show that 
the projectability of Z^p is equivalent with the projectability of the bivector 
field P, i.e., dP^^/dz"' = 0. Furthermore, using Proposition 15. 5[ we see 
that the integrability of Dp holds iff [P, P]\ann{Tj^) = (Schouten-Nijenhuis 
bracket), hence Dp is equivalent with the transversely Hamiltonian structure 
defined by P on (M, J^") [H]. 

Example 5.2. In a similar way, let be a foliated 2-form on {M,J-') and 
z/jF be a chosen normal bundle. Define 

(5.12) D^ = TJ^®{{XXX)/X euj=-}. 
Then D^^ is an almost Dirac structure. If we put 

(5.13) u = ^iuMdy''Ady^, 

we see that D^^ is spanned by {Za,0), (Yu,uJuvYv), therefore, D^ is foliated 
and independent on the choice of uj-'. Furthermore, D^^ is integrable iff u is 
closed, i.e., D^^ is equivalent with a foliated presymplectic form. 

Now, we will discuss the concept of reduction. The general geometric 
framework may be described as follows. Let M be a manifold, E a subbundle 
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of T^'^^M and l : N ^ M an embedded submanifold. Assume that is E- 
proper, meaning that the pullback l*E is different iable. Then, assume that 
N is endowed with a fohation JF such that TJF C l*E, a condition that is 
equivalent with 

(r) VZ G TjF, 3a G annTN such that {Z, a) G E\isi 

and will be called the reducibility condition. Then, l*E may be foliated. If 
it is so and if the quotient space N/J^ is a paracompact, Hausdorff manifold 
Q, L*E projects to a subbundle -E]^'^ C T^^^Q that has the restrictions Ajj 
of Definition 15.11 over the projections 7r(f/). Accordingly, 7r*E'^'^ = l*E and 
Proposition 15.21 shows that we may write 

(5.14) = vr.(.*E). 

The bundle E^'^ will be called the reduction of E via {N,J^). This is a 
generalization of the framework described in the paper of Stienon-Xu [lOj . 
Now, the following result is immediate. 

Proposition 5.6. Let E be an integrable, big-isotropic structure on the man- 
ifold M. Let L : N M be an embedded submanifold such that the fields of 
subspaces E n {TN © T^M), E' n {TN © T;^M) are of a constant dimension. 
Let be a foliation of N by the fibers of a submersion tt : N Q such that 
the natural projection 

(5.15) prr^ : En {TJ^® annTN) ^TT 

is surjective. Then, there exists a well defined, integrable, reduced, big- 
isotropic structure E^'^'^ on Q that satisfies the condition (15.141) . 

Proof. By Corollary \4:.l\ i*E is an integrable, big-isotropic structure of A^ and 
condition (15.151) is equivalent with the reducibility condition (r). Thus, the 
reduced structure E'^'^'^ may exist and Corollary 15.11 tells us that E^''^'^ exists 
indeed. Then, Proposition 15.51 shows that E^'^'^ is an integrable, big-isotropic 
structure on Q. □ 

Corollary 5.2. Let E be an integrable, big-isotropic structure on the mani- 
fold M. Assume that the connected. Lie group G acts on M and the action 
preserves E and fixes an embedded submanifold l : N ^ M. Assume that the 
restriction of the action of G to N is proper and free and denote by T the 
foliation of N by the orbits of G. Finally, assume that the reducibility condi- 
tion (r) holds for the infinitesimal transformations Z of G on N . Then, there 
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exists a Hausdorff manifold Q = N/ G endowed with a reduced, integrable, 
big-isotropic structure E'^'^'^. 

Proof. Under the hypotheses, condition (r) holds for any Z G ( A^) and the 
fields of subspaces E n {TN © T;^M), E' n {TN © T;^M) have a constant 
dimension. □ 

Example 5.3. We apply Proposition 15.61 to a Poisson structure Ep = E'p = 
graph ^P, where P G x^i^) is a Poisson bivector field on M. Assume that 
the submanifold l* : N ^ M is such that dim{Ep n [TN © T^M)) = const. 
and that has a foliation JF with the quotient manifold Q = M/J^. Then, 
A^ has the Dirac structure 

t*Ep = {{^pa, L*a) I ^pa eTN,ae T*^M}. 

Furthermore, the reducibility condition (r) is equivalent to 

(5.16) <zy{annTN). 

Therefore, if we assume that (15.161) holds, Q has the reduced Dirac structure 
j^red _ -;T-^i*(_E'p)j which, poiutwisely, turns out to be 

(5.17) E^'" = {(tt.M, A) / A G T*Q, [XUuTN = vr*A, M G TN}. 

The reduced structure E'^'^'^ is Dirac. If we want a Poisson reduced structure 
we have to add the condition E"''^'^ fl TQ = 0, which, by (I5.17p . is equivalent 
to 

^p{annTN)r]TN CTJ^. 

A more general Poisson reduction scheme, where TjF = V (1 TN for a vector 
bundle V over A^ that satisfies adequate conditions, was given by Marsden 
and Ratiu [8]. The present example corresponds to the case V = '^\p{ann TN), 
while, however, we do not ask ]^p{annTN) to be a regular vector bundle. 
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